The semiconductor diode, which acts as an electrical rectifier and allows unidirectional electronic transports, is the key to information processing in integrated circuits. Analogously, an optical rectifier (or diode) working at specific target wavelengths has recently becomes a dreaming device in optical communication and signal processing. In this paper, we propose a scheme to realize an optical diode for photonic transport at the level of few photons. The system consists of two spatially overlapping single-mode semiconductor microcavities coupled via χ (2) nonlinearities. The photon blockade is predicted to take place in this system. These photon blockade effects can be achieved by tuning the frequency of the input laser field (driving field). Based on those blockades, we derive analytically the single-and two-photon current in terms of zero and finite-time delayed two-order correlation function. The results suggest that the system can serve as an single-and two-photon quantum optical diodes which allow transmission of photons in one direction much more efficiently than in the other.
I. INTRODUCTION
The electrical diode is a two-terminal electronic device with asymmetric conductance, it has low resistance to current flow in one direction, and high resistance in the opposite direction. The study on electrical diodes can be traced back to more than one century ago, when the first device enables the rectification of current flux. Motivated by the significant rectifying capabilities of electric diodes, considerable efforts have been made to investigations of the rectification of other energy forms, for example, thermal flux [1-6] and solitary waves [7] .
Efforts have also been made for the optical diodes. Optical diodes, also known as optical isolators [8] , are an optical rectifier working at specific target wavelengths, they allow propagation of photon signal in one direction and block that in the opposite direction. Motivated by potential applications in quantum network of light, various possible solid-state optical diodes have been proposed, including the diodes from standard bulk Faraday rotators [9, 10] , the diodes integrated on a chip [11] [12] [13] [14] [15] , and diodes operating in optically controllable way [11, 16, 17] , as well as the diodes at low field intensities or even at the single-photon levels [18] .
The physics behind the optical diode is the breaking of time reversal symmetry, which is typically achieved via acoustic rectifiers [19, 20] , moving photonic crystal [21] , spin-photon entangling [22] and few-photon tunneling [23] [24] [25] . Thanks to the classical level these schemes work at, they have now been attained in different configurations on-chip [14, 26, 27] .
With the recent advances in quantum photonic technologies at the single-photon levels [28] , researchers make a step further in the study of optical diode-quantum optical diode, tunable single-or two-photon quantum rectification is likely to play an important role in this case analogous to the classical electrical diodes in current microchips. A quantum optical rectifier is a two terminal, spatially nonreciprocal device that allows unidirectional propagation of single-or few quanta of (electromagnetic) energy at a fixed signal frequency and amplitude [29] . Up to now, only few proposals have been proposed [18, 29] in fully quantum regime.
In this paper, we propose a fully quantum diode with two coupled semiconductor microcavities driven by external fields. The merit of this proposal is to unify the unidirectional transport of photon and photon conversion. The system consists of two spatially overlapping single-mode cavities with frequencies ω b and ω a , respectively. The two cavities are coupled by χ (2) nonlinearities that mediate the conversion of a photon in cavity b to two photons in cavity a and vice versa [30] [31] [32] [33] [34] . The physics behind this proposal is the photon blockade. When cavity a is pumped, single photon blockade prevails in the system, the single photon who occupies the Fock state first blockades the generation of more photons. When the pumping is on cavity b, due to the existence of the two-photon eigenstate of the system, two-photon blockade dominates, blockading more photons in cavity b.
The single-photon blockade was already observed in the standard cavity quantum electrodynamics (QED) [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] , optomechanical systems [45] [46] [47] [48] and in circuit QED system [49, 50] . The proposal presented here is to use these techniques and show the single-and two-photon blockade effect by changing the intensity and frequency of the driving field.
The remainder of the paper is organized as follows. In Sec. II, we introduce the system and present a model to describe the system. The single-and two-photon blockade is predicted and discussed. In Sec. III, in terms of the two-order correlation function and photon number statistics, we analyze a specific single-photon and two-photon diode. In Sec. IV, we investigate the rectification of the diode via two-time correlation functions. Discussion and conclusions are given in Sec. V.
II. MODEL AND PHOTON BLOCKADE
Throughout this work, we adopt the International System (SI) of units [51] . The nonlinear optical response of dielectric material to an electric field is given by
which defines the relative dielectric permettivity tensor of the medium, ε ij (r) = δ ij + χ
(1) ij (r). We will consider only the nonlinear response up to second order in the electromagnetic field, i.e., we assume χ ijk in Eq. (1) into account. We assume the material is isotropic, i.e., ε ij (r) → ε(r) is a spatially dependent scalar quantity. The canonical quantization can be done by expressing the field operators aŝ
andB(r, t) = −∇ ×Ê(r, t)/ω 0 , with H.c. standing for the Hermitian conjugate. Hereĥ a =â andĥ b =b denote the photon destruction operators in the two cavity with frequencies ω a and ω b = 2ω a , respectively. For each cavity mode, the three-dimensional cavity field φ j (r) must be normalized by φ j (r) [E(r, t)·D(r, t) + H(r, t)·B(r, t)]d 3 r, where H(r, t) = B(r, t)/µ 0 , an interaction Hamiltonian in the second quantization can be obtained [30, 32] 
where the nonlinear interaction coefficient is defined by,
For the scheme to work, external driving for cavity a or b is essential. We illustrate the setup in Fig. 1 (a) , the driving frequency is denoted by ω L for cavity a and 2ω L for cavity b, respectively. F stands for the driving strength. The corresponding Hamiltonian is,Ĥ
where λ a = 1 and λ b = 2. In a rotating frame defined byÛ S (t) = exp[iω L t(â †â + 2b †b )], the Hamiltonian takes, ∆ a = ω a − ω L and ∆ b = ω b − 2ω L define the detunings of cavity a and cavity b modes from the driving laser, respectively.
The nonlinear terms proportional to Ω in Eq. (6) describe coherent photon exchange between the two optical cavity modes. The resulting low-energy level diagram is shown in Fig. 1 (b) , where |mn as before represents a state with m and n photons in the cavity a and b, respectively. In the absence of driving fields, we diagonalizeĤ S with ω b = 2ω a and ω L = ω a . The ground state and low excited state are listed below,
The driving field couples all states which differ from each other by a single photon. In the following sections, we will restrict ourself to consider a very weak driving filed such that the Hilbert space can be truncated to low energy levels, as listed in Eq. (7) . In addition to the coherent evolution governed by the HamiltonianĤ S , we introduce cavity losses to the system, and the dynamics of system is described by,
whereĤ S is given by Eq. (6), κ and κ a denotes loss rates for the two cavities, respectively, the superoperator , C:
√ 2, and F: 0. The tiny deviation of the analytical results from the numerical ones caused by the approximation F/κ ≪ 1 used in Eqs. (14)- (17) . A-F in the bottom panels illustrate the transitions that may lead to the features seen at the points A-F. Suppression of the steady-state population of the level |01 is indicated by a red X. More understanding of the features can be found in the main text.
the input, output, and intracavity fields are linked by the input-output relation,
For an arbitrary state of the input modes, correlations of the output fields would depend on cross correlations between the input and intracavity fields, which in turn would require to model the input fields together with the system dynamics. However, if we assume that only classical driving fields is added to the quantum vacuum of the input-output channels, then all normally ordered cross correlations between intracavity and input modes vanish, and correlations in the output channels can be expressed as functions of intracavity correlations only. With this assumption, the average output current (or photon stream) at time t can be formally given by,
We will set κ b ≡ κ hereafter. Now we discuss photon-blockade effect. This effect can be characterized by the second order correlation function with no time-delay [55, 56] 
where all operators are evaluated at the same instance of time. In Fig. 2 we show g
a (0) and g 
j (0) → 0 implies complete photon blockade, we find that the point A exactly corresponds to the single-photon blockade, similar to that in Kerr-type [36, 55, 57] or QED [35] [36] [37] [38] [39] [40] [41] nonlinear systems. Remarkably, when the cavity b is pumped, two-photon blockade for cavity a occurs. This can be found at points D and E in Fig. 2  (c) ]. Of cause for the cavity b, it is still a single photon blockade. We refer to this effect as the two-photon blockade from the aspect of cavity a, which means that the two-photon Fock states blockade the generation of more photons.
To gain more insights into the single-and two-photon blockade shown in Fig. 2 , we develop an approximately analytic expression for the system by considering only the eight lowest energy levels in Fig. 1 (b) . Assume that the system is initially prepared in |00 , and only these levels are occupied due to the pumping of the driving, the state of the system can be written as, [58] |Φ =C 00 |00 + C 10 |10 + C 01 |01 + C 20 |20
besides, we take an effective Hamiltonian,Ĥ ef f =Ĥ S − i[κ aâ †â + κb †b ]/2 to describe the system. This approach allows us to evaluate the mean occupation numbers up to the order of F 2 and the second-order correlation function up to the order of F 4 . By substituting |Φ into the Schrödinger equation i∂ t |Φ =Ĥ ef f |Φ ( = 1, hereafter), we find the following coupled equations,Ċ 00 =0,
where δ j = κ j /2 + ∆ j i, and the cavity b being pumped was assumed. At steady states, these amplitudes C ij do not evolve, the mean occupation numbers in this case aren a = 2 C 20 2 andn b = C 01 2 , whereC ij denote the amplitude at steady-state. Up to first order in F/κ (see Appendix A), the mean photon number is,
where
, e) in these equations, we can obtain the location for local maxima and minima of the average photon numbers, which are in excellent agreement with the numerical results shown in Fig. 2 . The eight-level model also provides us with the analytical expression of the second-order correlation functions (see Appendix A),
where a 0 = κ a + 1/2. By the same approach, we can obtain the following equations for the case of cavity a being pumped,Ċ 00 =0,
The steady-state amplitudes (see Appendix A) are given by,
where,
Here, (14)- (17), we can obtain interesting points in g We now discuss the features observed in Fig. 2 . We will use the eight-level model together with the diagonal basis in Eq. (7) to understand the physics behind the features. In (a) and (b), i.e., the pumping is on microcavity a, when the detuning is zero, ∆ a = 0 (point A in Fig. 2) , we can see g a (0) ≪ 1, indicating complete antibunching due to the suppressed two-photon process (panel A in Fig. 2) , this leads to the single-photon blockade. Physically, when the left cavity a is pumped by a incident laser of frequency ω L , a incident photon with the the same frequency as the cavity field ω a will excite the cavity from vacuum |0 to the first excited state |1 [marked by the blue-dotted arrow in Fig. 1 (b) ]. Once the cavity has a photon, the second photon at that frequency will be blocked because, due to the nonlinearity of (3), excitation of the system from |1 to |2 + or |2 − requires an additional energy √ 2Ω, which cannot be supplied by the second photon. At the detuning ∆ a /g = ± 1 √ 2
(point B and C of (a)), bunching happens due to the two-photon resonant transition |0 → |2 + and|2 − (panel B and C), the physics behind this bunching is similar.
A similar story takes place when the microcavity b is pumped, see Fig. 2 (c) . At detuning ∆ b /g = ± √ 2 (point D and E of (c)), resonant transition |0 → |2 + and |2 − (panel D and E) occurs, indicating almost completely antibunching for cavity mode b. Mathematically, we find that both the single-photon occupation amplitudeC 10 , the three-photon occupation amplitudeC 11 andC 30 equals to zero, while the two-photon occupation amplitudeC 01 and C 20 are much larger than that of four-photon under the weak driving limit |α j α k | ≪ 1, see Eq. (A1). The point F in Fig. 2 corresponds to detuning ∆ 
b (0) ≫ 1 at this point, indicating strong bunching. This is due to destructive interference that suppresses the population on |01 (panel F in Fig. 2 ), steering the system into a dark state, |dark = − cos ϕ |00 + sin ϕ |20 , where tan ϕ = F/Ω. This is reminiscent of the electromagnetically induced transparency [59, 60] . Due to the weak coupling, |20 is almost not populated when the system occupies the dark state, this induces the transition from |20 to |21 , which in turn is strongly coupled to |02 . The net result is the transition with one photon is suppressed compared to the two-photon transition, leading to the bunching at ∆ b = 0.
To confirm this point, we now show that two-photon resonance is absent at ∆ b = 0. At first glance, the level diagram in Fig. 1(b) together with bunching at point F in Fig. 2 suggest a two-photon resonance at zero detuning ∆ b = 0, where the energy of the two-photon state |02 is equal to the energy of two incident photons in mode b. However, as discussed above, the strong bunching effect at ∆ b = 0 comes completely from the suppression of the one-photon population. Further, we find that the expected two-photon resonance is canceled by interference. This can be seen from a second-order perturbative calculation of the two-photon Rabi frequency ω (2) 00→02 for the transition |00 → |02 . The two-photon state |02 can be populated by the driveĥ dr = F (b +b † ) from vacuum via two intermediate onephoton eigenstates |2 ± given by Eq. (7) with energies ω 2± = ∆ b ± √ 2Ω in the rotating frame. The resulting Rabi frequency is
which vanishes at ∆ b = 0 as a consequence of destructive interference between the two amplitudes. Although the exact cancelation is lifted by including finite dissipation and the full spectrum, this simple argument shows that the expected two-photon resonance at ∆ b = 0 is strongly suppressed.
It is important to address that the photon blockade in the case of cavity b being driven is a two-photon blockade from the side of cavity a, hence we refer to this type of photon blockade as two-photon blockade.
So far, we have demonstrated both analytically and numerically a variety of quantum properties revealing the unique nature of the single-and two-photon blockade. The results suggest that by manipulating the detuning, optical diodes may be realized in such a system based on the explicit single-and two-photon blockade.
III. SINGLE-PHOTON AND TWO-PHOTON DIODE
By the use of the blockade features of the photonic semiconductor microcavities and the χ 2 nonlinearities, in this section we present a scheme to realize a single-photon and two-photon diode. We define a rectifying factor as the normalized difference between the two output currents corresponding to the system being pumped through the left and right cavities (indicated by the wave vectors k and −k, respectively) [29] 
Substituting Eqs. (14)- (17) into Eq. (20), we can obtain an analytical expression of the rectifying factor,
By this definition, R = −1 implies maximal rectification with enhanced transport to the left (left rectification), R = 0 indicates no rectification, while R = 1 describes maximal rectification with transport to the right (right rectification).
In Fig. 3 , we plot the second-order correlation function of the left cavity a [see (a)] and right cavity b [see (b)] when the system is pumped on the cavity a. We find that the normalized correlations of g (2) j (0) ≪ 1 reach their minimum at ∆ = 30κ (namely, ∆ a ≈ 0), implying the well known single photon blockade. The diagram (c) in Fig. 3 illustrates the transition for this blockade.
In Fig. 4 , we plot the correlation function of cavity a [see (a)] and cavity b [see (b)] when the system is pumped on the right cavity b. We observe that the minimum of g (2) b (0) is on an ellipse defined by Eq. (22) and shown in Fig. 4  (c) . This can be explained as the condition for the two-photon blockade to happen in the system, i.e., two photon resonance 2ω L = ω 2± follows
Single-photon blockade Single-photon current where x = ∆ b + 2∆ a and ∆ = ∆ b − 2∆ a . Analogously, the bunching of a pair of photons for the left cavity a take place due to the extreme antibunching of the right cavity b. Fig. 5 shows R, g (2) and N as a function of laser frequency with a fixed ∆ in the small Ω/κ limit. We find a local maximum of left rectification in Fig. 5 (a) at x = 30κ (marked by B in (c)), which corresponds to the anti-bunching in Fig. 5 (b) at the left cavity a. The total photon current N (k) = N a (k) + N b (k) overcomes N (−k) in the area around the x = 30, see Fig. 5 (c) . This can be explained as the single-photon blockade. From Eq. (A4) we can find the single-photon occupation amplitudeC 10 is sufficiently larger than that of multiphoton, e.g., two-photon occupation amplitudeC 01 andC 20 in the limit of weak optical driving, i.e., |α j α k | ≪ 1,.
Two maxima of left rectification can be observed at x = ±10 √ 17κ ≈ ±41.231κ (marked by A and C) from Fig. 5 due to the two-photon blockade at the ellipse Eq. (22) , which corresponds to anti-bunched effect in Fig. 5 (b) at the right cavity b with cavity b pumped (denoted by −k). The total photon current N (−k) overcomes N (k) in the area around the two points A and C in Fig. 5 (c) . This observation can be explained by examining Eq. (A1), the contribution of the four-photon termsC 21 andC 02 can be neglected compared to the two-photon occupation amplitudeC 20C01 when the weak optical driving condition |α j α k | ≪ 1, is satisfied. The single-photon occupation amplitudeC 10 and three-photon occupation amplitudeC 11 andC 30 are equal to zero. Therefore the single-and three-photon processes have no contribution to the two-photon diode.
IV. DELAYED CORRELATION FUNCTION
In addition to the equal-time second-order correlation functions discussed above, quantum signatures can also be manifested in photon intensity correlations with a finite time delay. This motivates us to investigate the dynamical evolution of the second-order time-delayed correlation function. The two-time intensity correlations are defined by [43, 55, 61] ,
Rewriting this correlation in terms of a classical light photon intensity I, g 2 (τ ) = I(τ )I(0) / I 2 and using the Schwarz inequality, we obtain the inequality [37, 58] 
Similar to the inequality g (2) (0) > 1 at zero time-delay, violation of the inequality at finite delay is a signature of Parameters chosen are κa = 0.1κ, F = 0.1κ, Ω = 10κ, x = 30κ. At the ellipse ∆ 2 +8Ω 2 = x 2 , i.e., two-photon resonant transition from |0 → |2± when 2ωL = ω2±, two-photon blockade happens in the semiconductor microcavities, the corresponding transition is illustrated in Fig. 4 -(c), this causes the two-photon current to the left cavity mode a, see (d). Note that the two-photon current is symmetric for the symmetric coupling Ω in (a) and (b), this is a direct reflection of Eq. (15) . quantum nature. We calculate the delayed second-order correlation functions for both the left cavity a and right cavity b when the system is pumped on the left cavity a.
The correlation function g
a (τ ) and g
b (τ ) are shown in Fig. 6 for two strengthes of the driving F . We can understand the finite delay intensity correlations in terms of the simple eight-level model discussed in the previous section. For this purpose, we rewrite Eq. (23) as where the unitary evolution operator U (t) = exp(−iĤ T t),Ĥ T =Ĥ S +Ĥ E +Ĥ I , andĤ S is given by Eq. (6) .Ĥ E andĤ I are the Hamiltonians of the environment and the system-environment interaction, respectively. We assume τ = t 1 −t and t → ∞, when the system density matrix arrive at a steady state ρ s . Applying the Born approximation, we have
A simple calculation follows,
where the new initial state is defined by ρ new (0) =âρ sâ † andÂ =â/n a . From Eq. (27), we can find that the finite delayed second-order correlation function can be thought of as an expectation values of the effective photon number A †Â with a new density matrix given by Eq. (28) . Note that the new dynamical equation is the same as Eq. (8), i.e., ρ new (t) ≡ρ(t), except that the new initial condition ρ(0) is replaced by ρ new (0).
Writing the system steady state as ρ s = Φ Φ | and the new time-evolved density matrix as ρ new (t) = |Φ new (t) Φ new (t)|, we find Φ new (t) ≡ Φ (t) satisfying Eq. (16) within the non-Hermitian Hamiltonian approximation. Therefore the time-delayed correlation function can be calculated by introducing a new initial state
with Φ given by Eq. (16) (see Appendix B). With this initial state, we have the time-delayed correlation function,
for the left cavity a, while for the right cavity b,
We note the the non-Hermitian Hamiltonian approximation is a good approximation when
We find from Fig. 6 that, when the strong coupling conditions (32) are satisfied [see Figs. 6 (a) and (c)] and the cavity a is pumped, the finite delayed second-order correlation functions given by the analytical expression Eqs. (30) and (31) b (τ ) increase above its initial value at finite delay. This is an violation of the inequality in Eq. (24) , indicating that photons emitted at different times prefer to stay together. See the red-bold line around τ ≈ ±0.327/κ, in Fig. 6(b) and (d) .
This tells that two subsequent emissions are suppressed in single-photon diode, leading to dynamical anti-bunching both for zero-and finite-time delay. Hence our proposal provides us with new insight on the necessary time delay in a single-photon diode in the semiconductor microcavities coupled via χ (2) nonlinearities.
V. CONCLUSION
In summary, we have presented a scheme for creating an optical diode, the diode is composed of two microcavities coupled via χ (2) nonlinearities. A master equation to describe such a system is given. By Solving this master equation, single-and two photon blockades are predicted. By the use of this photon blockade, we design an optical diode, which has a merit to combine photon rectification and single photon to two-photon conversion. To characterize the rectification, we calculated both analytically and numerically the two-order correlation function and the rectifying factor in the weakly driven limit. The numerical simulation and analytical expression agree well with each other. and the photon-photon correlation functions are 
Therefore Eqs. (14) and (15) 
where the coefficient λ = (2y −1 +3+y −2x The dynamical evolution of the second-order correlation function can be calculated within the same approach as in Appendix A. By the use of Eq. (29) as the initial condition and consider a pumping is on the left cavity a. Specifically, the unnormalized state after the annihilation of a photon in the left cavity a is a Φ =C 10 |00 + √ 2C 20 |10 , where we have ignored the high-order terms. With this understanding in mind, Eq. 
